Abstract. Let a be an ideal of holomorphic functions vanishing only at the origin in C n . The type of a is an invariant that measures the order of vanishing of the functions in a along holomorphic curves; this invariant is of importance in the study of subelliptic estimates and subelliptic multiplier ideal sheaves. Recently there has been some interest in the question of which curves actually compute the type. In this note we prove that it is computed by one of the analytic irreducible components of the intersection of n − 1 general functions in a.
Introduction and statement of the result
Let a ⊆ O C n ,0 be an ideal of germs of holomorphic functions at the origin of C n . Assume that a vanishes only at the origin, or equivalently that m q ⊆ a ⊆ m for some positive integer q, where m = m C n ,0 is the maximal ideal of O C n ,0 .
We shall be concerned with the type of a, an invariant that comes up in the study of subelliptic estimates and subelliptic multiplier ideal sheaves for the ∂-Neumann problem on pseudoconvex domains. 
where Γ is the set of all germs of non-constant holomorphic curves γ : ∆ → C n with γ(0) = 0.
Equivalently, one can write
where for an ideal b ⊆ O C n ,0 , ord 0 (γ * b) denotes the least order of vanishing of the pull-backs γ * (f ) of germs of functions f ∈ b. It is well-known (and we shall see below) that T (a) is actually a rational number, and that the supremum is actually a maximum.
Recently there has been some interest in understanding geometrically the curves that compute T (a). For example, McNeal and Némethi [5] proved that if n = 2, then one can specify finitely many curves γ 1 , . . . , γ t so that T (a) is given by the maximum over the γ α of the ratio on the right in (1) . The purpose of the present note is to point out that a construction used many years ago in a different context by Teissier ([6] , [7] ) leads to an analogous statement in 2000 Mathematics Subject Classification. 32T25, 32S10, 14B05. Heier's research was supported by the DFG Schwerpunkt "Global methods in complex geometry". Lazarsfeld's research was supported by NSF grant DMS 0139713.
1 See [3] and [2] for more on this relationship and a gentle introduction to the subject of ∂-estimates.
all dimensions n ≥ 2. As as matter of terminology, one says that an element f ∈ b ⊆ O C n ,0 is general if it is a general C-linear combination of a collection of generators of b.
Theorem 1.2. Choose n − 1 general elements f 1 . . . , f n−1 ∈ a and let
be the germ at 0 of the reduced curve arising as the common zeroes of f 1 . . . , f n−1 . Consider the decomposition
of C into local analytic irreducible components, and let
.
It was remarked some time ago by Mustaţǎ that one can interpret T (a) in terms of the integral closure of a (Lemma 2.3). This in turn leads to a computation of T (a) involving divisors on the normalized blowing up of a, and the theorem then follows easily. When a is the Jacobian ideal of a hypersurface having an isolated singularity, statements of this sort were established by Teissier in [6] and [7] .
We are grateful to Brian Conrad, Jeffery McNeal and Mircea Mustaţǎ for valuable discussions.
Proof of Theorem 1.2
Fix a small neighborhood U ⊆ C n of the origin on which the given ideal is represented by an ideal sheaf a ⊆ O U . Let Bl a (U ) −→ U be the blowing up of a. Concretely, if one chooses generators f 1 , . . . f r ∈ O(U ) of a, then Bl a (U ) can be realized as the closure in U × P r−1 of the graph of the meromorphic mapping U P r−1 defined by f 1 , . . . , f r . Now let X + −→ Bl a (U ) be the normalization of this blowing up, and denote by ν :
for the corresponding Weil divisor, where E i are irreducible divisors on X + . Thus r i = ord E i (a) is the vanishing order along E i of the pull-back ν * (f ) of a general element f ∈ a. We also let m i = ord E i (m), m denoting the ideal of the origin 0 ∈ U . Proposition 2.1. With the above notation, one has
To prove the proposition, we will make use of the notion of integral closure of ideals. The reader may consult [4, Section 9. 6 .A] for a geometrically-oriented overview, or [7] for a more detailed treatment. For our purposes, it is sufficient to define the integral closure of integer powers a k of a to be a k = ν * O X + (−kF ). An important fact is the following valuative criterion for membership in the integral closure of an ideal ([7, Corollaire 2, p. 328]). Lemma 2.2. Given an ideal b ⊆ O U vanishing only at the origin, one has f ∈ b if and only if
for all curves γ ∈ Γ.
In particular, the type of an ideal only depends on the integral closure, i.e. for b ⊆ O C n ,0 , one has T (b) = T (b). Furthermore, Lemma 2.2 yields the following statement, originally pointed out to us by Mustaţǎ, whose proof we leave to the reader. Proof of Proposition 2.1. Let τ denote the maximum on the right hand side in equation (2). Then for all i = 1, . . . , s, we have τ m i ≥ r i , which implies that
is an effective divisor on X + . Let k be such that kτ ∈ N. Then
It follows from Lemma 2.3 that τ ≥ T (a). On the other hand, Lemma 2.3 also gives m kT (a) ⊆ a k for sufficiently large and divisible k. Therefore,
for all i = 1, . . . , s. This implies τ ≤ T (a).
We are now in a position to prove Theorem 1.2.
Proof of Theorem 1.2. Given n − 1 general elements f 1 , . . . , f n−1 ∈ a, we write
j is the proper transform of D j . Note that the D ′ j generate a basepoint-free subseries of | − F |. Therefore, by Bertini, the curve
is smooth and meets E = E 1 ∪ . . . ∪ E s transversely at smooth points of intersection of Λ and E. Given an irreducible component C α of C, let Λ α denote its inverse image in Λ, and denote by γ α : ∆ ∼ = Λ α → C α the natural map. Clearly, Λ α is a smooth irreducible arc that meets E transversely at one point lying on a single irreducible component of E, say E i(α) . One also has
In view of Proposition 2.1, we are done if we can show that for each i = 1, . . . , s, there is an α such that i(α) = i. Now given i, the number of intersections of E i with Λ is
But O X + (−F ) is relatively ample for ν (Lemma 2.4), so for all i the intersection number in (3) is strictly positive, which concludes the proof.
For the sake of completeness, we include the key ampleness assertion from the proof as a final lemma. Proof. In fact, F is the pull-back under the finite mapping X + −→ Bl a (U ) of the exceptional divisor F 0 on Y = Bl a (U ). As explained above, we may view Y as an analytic subvariety if U × P r−1 , and O Y (−F 0 ) is the pull-back of the hyperplane line bundle on P r−1 , and it is ample on F 0 . Since ampleness is preserved under pulling back by finite maps, the statement follows.
